The process of die swell in polymer jets is an important feature within polymer processing and can be explained through a study of its rheological effects. The existence of a thermocapillary e¤ect, driven by the gradient of its surface tension, should be considered when examining a thermal jet that has a non-uniform temperature distribution on its free surface, as in various polymer processings. Both the rheological e¤ect and thermocapillary e¤ect on die swell can be studied numerically through a finite element method as used on a two-dimensional and unsteady model, in which a Coleman-Noll secondorder fluid model is employed. The results show that the expanding angle depends on both the rheological property of the fluid and the pressure at the vessel exit. Although both the thermocapillary and the rheological e¤ects contribute to the cross-section expansion of the fluid jet, the latter is more important in determining the expansion.
Introduction
Cross-section expansions of thermal jets have been observed in polymer processing. This process is called die swell and is an important phenomenon. The study of hydrodynamics [1, 2] is a necessity when it comes to understanding the mechanism behind the process of die swell. A die swell e¤ect is usually explained by the rheological property of the liquid [3] [4] [5] . It is believed that the variance in normal stresses enlarges the cross section of the liquid jet.
On the other hand, experiments have shown that the solutal capillary flow, which is induced by a surfactant present in the liquid, might be responsible for increasing the thickness of the liquid layer [6] . On the basis of a simplified physical model, the LLD theory for fluid jet coating on a moving solid was able to give a qualitative explanation as to how the thermo-or solutocapillary e¤ect increased the thickness of the jet [7] . The process of a liquid (or melt) film of a relatively high temperature being ejected from a vessel, and moving to coat a moving solid belt, is determined by thermal hydrodynamic equations. The temperature gradient on the free surface of a thermal jet is the result of a heat transfer that occurs during the movement from a relatively high temperature melt region to a low temperature environment. As a result, thermocapillary flow is induced, and may enlarge the cross section of the film in polymer processing. The thermocapillary e¤ect on the process of die swell was investigated analytically in cases involving Newtonian fluids [8] [9] [10] . However, the relationship involving non-Newtonian fluids is very complicated, and only has an analytical solution when we restrict to weak non-Newtonian models [11] . The analysis is based on the approximations of lubrication theory and the perturbation method provided by an expansion of the small parameter e ¼ h o l . The zero-order and high-order equations have been solved analytically in order to determine the underlying heat and flow processes. The phenomenon of cross-section expansion, due to both the thermocapillary e¤ect and the rheological properties inherent in the specific cases of expanding angles, was studied numerically for a non-Newtonian liquid jet film that was cast on a moving solid boundary [12] . In the study, both the rheological and the thermocapillary e¤ects were found capable of enlarging the cross section of the liquid jet.
The cross-section expansion of the liquid jet depends on both the rheological properties of the fluid and the pressure that exists at the vessel's point of exit. This paper explains a model in which a liquid film was ejected from a die and coated on a moving solid wall. The di¤erent exit pressures were discussed numerically, so that the e¤ect of the exit pressure on the expansion of the liquid jet could be analyzed, as well as the e¤ect of the rheological properties that correlated to each moment of variance in exit pressure. The Coleman-Noll second-order fluids model is adopted in the present paper. As a model, it is usually used for polymers with weak elasticity, such as dilute polyacrylamide or polyethleneoxide solutions. The cross-section expansion, the flow field, and temperature distribution of the liquid film as it was ejected from the die have been simulated by a two-dimensional and unsteady model for the sake of simplicity. Both the rheological and the thermocapillary e¤ects are considered in our governing equations and boundary conditions.
The physical and mathematical models used to explain the behavior of the non-Newtonian liquid film jet are described in the following section. It must be noted that, since the height of the jet is small, the present work does not take the e¤ect of gravity into account. Moreover, in this calculation all thermophysical properties are treated as constants. The numerical method is discussed in the third section, and an explanation of the simulation results is provided in the last two sections.
Theoretical model for non-Newtonian fluids
The model discussed in the present paper is shown in Figure 1 , as it illustrates the liquid being ejected from a vessel and coating a moving solid belt. If a Cartesian coordinate system ðx; y; zÞ is adopted, and it is assumed that q=qy ¼ 0, then the liquid flows from the vessel exit at x ¼ 0 to a point at x ¼ l, a specific distance downstream. It is important to note that the initial height h o of the liquid layer at x ¼ 0 is much smaller than the distance l. Additionally, the liquid temperature T 0 at point x ¼ 0 is higher than both the environmental gas temperature T g and the temperature T l at x ¼ l. A solid, moving belt smoothly touches the right boundary of the vessel, and moves with the same velocity u s as the liquid at z ¼ 0.
The liquid used for the calculation is an incompressible fluid that maintains a constant level of viscosity and thermal di¤usivity. The conservation relationships are written as 
Here r, p, m, k, and T are the density, pressure, dynamic viscosity, heat diffusivity, and temperature of the liquid, respectively, ðu; 0; wÞ is the velocity vector, and p xx , p xz , p zx , and p zz are the components of the stress tensor p.
The Coleman-Noll second-order fluids model, based on the Rivlin-Ericksen stress tensor, is used to describe non-Newtonian fluids [10, 11] . In this case, we obtain
where a 
is assumed to be satisfactory for the purposes of the present paper.
The conditions for the physical boundaries of the liquid layer can be written as follows:
where h 0 ¼ dhðxÞ=dx, n is a unit used for normal vectors, k is the heat conductivity of the liquid, and H is the coe‰cient for heat transfer during the liquid-gas interface. The curvature of the free surface is
and the radiation e¤ect is negligible in Eq. (11) . The boundary conditions (7) show a longitudinal temperature di¤erence T o À T l , which may induce a temperature gradient on the free surface.
The flow is understood to be laminar, with the height of the liquid film registering a parabolic velocity distribution. The liquid film's boundary conditions at x ¼ 0 are as follows:
The boundary conditions at x ¼ l are
Boundary conditions (12) provide the kinetic energy at the vessel exit x ¼ 0 that drives the liquid jet into the region x > 0.
Numerical method
The basic equations (1)- (3) are to be solved under the boundary conditions (7)- (13) . The shape of the free boundary needs to be determined as part of the solution; it may be obtained by the method that adjusts iteratively the configuration of the free surface according to relevant velocity and pressure conditions at the free boundary.
The problem can also be solved by using an unsteady program, in which the initial free surface at t ¼ 0 is assumed to be of plane configuration, and the initial velocity u at x ¼ 0 is derived from Eq. (12). The temperature di¤erence DT ¼ T o À T l is assumed to be zero at t ¼ 0; and in the remaining portion of the calculation, T l stays steady at 0 C but the temperature T o at the point x ¼ 0 is increased by a rate of 5 C/s until it reaches the required temperature T o ¼ T l þ DT, and then keeps constant. Both the field of flow and the temperature distribution that correspond to these initial conditions can be obtained numerically under the given boundary conditions (7-13).
The distribution of pressure on the free boundary of the jet can be calculated from the resulting velocity field, and the configuration of the free surface can be reconstructed by using an equation that establishes the equilibrium conditions for normal stress, i.e., Eq. (9). A steady solution can be reached when all the variables, in addition to the shape of the free surface, remain unchanged for a fixed temperature di¤erence DT ¼ T 0 À T l .
Equations (1-3) can be written in non-dimensional forms, and the nondimensional quantities and parameters can be introduced as follows:
where s is the surface tension and a typical velocity is represented by
By defining the stream function c and vorticity function o as
the non-dimensional equations can be expressed in terms of the stream function and the vorticity function as
Problems that occur under the initial boundary conditions can be solved by a hybrid finite element method that includes fractional steps. The characteristic procedure is used for the convection operator, whereas the finite element method is used for the di¤usion terms. The numbers of the cell of the calculated region are 121 Â 21 in x and z directions, respectively, which means that the domain dealt with in the computation was divided into 4 800 triangular elements associated with 2 541 nodes.
In the present simulation, the typical parameters are chosen as follows:
where u 0 ¼ 4u Ã , and the related Reynolds number and Peclet number are, respectively, Re ¼ 0:642, Pe ¼ 2:03.
The present program was used to calculate the thermocapillary convection in a square container. The results of these computations were compared with the results that have been obtained by Carpenter et al. [13] in their own research, and were found to be in correspondence [12] . This similarity of results validates the present computational program, showing that results given by the hybrid finite element method with fractional steps are compatible with those given by Carpenter.
Simulation result
The expanding angle of the thermal jet b ¼ tan À1 ½h 0 ð0Þ at the vessel exit x ¼ 0 is a sensitive parameter, and depends on both the non-Newtonian e¤ect and the thermocapillary e¤ect. Generally, the larger the rheological e¤ect, the larger the expanding angle b. A non-dimensional parameter of the exit pressure is defined as follows:
Here p g and p o are the gas pressure outside the jet and the pressure at the point ðx ¼ 0; z ¼ h o Þ, respectively, and R o is the free surface curvature radius at x ¼ 0. The capillary number is defined as
The expansion of the angle depends on the rheological coe‰cient and is given in Figure 2 .
Di¤erences in normal stresses in the non-Newtonian fluid may increase the angle of expansion [4] , and the thermocapillary e¤ect may also increase this angle. For a fixed rheological coe‰cient a 2 , the numerical simulation provides a threshold for the expanding angle b c , and the problem can be solved only if the expanding angle is larger than this threshold. Figure 3 gives the temperature distributions (left) and the counter plots of the streamlines (right), respectively, for the cases of a 2 ¼ 0 ðupperÞ; À0:3 ðmiddleÞ; À0:6 ðlowerÞ, and pressure P 0 ¼ 0:25. The corresponding angles of expansion are b ¼ 0:61 ; 6:75 , and 10.53 , respectively. The counter plots of the streamlines show that the occurrence of a reverse flow appears to be due to the large expansion that occurs in non-Newtonian fluids. It should be noted that for better illustration, the scale in the abscissa of Figure 3 is greatly enlarged, appearing 10 times larger than reality. The ratio of the real sizes is 50 (longitu- Figure 2 The expanding angle b depending on the rheological coe‰cient a 2 for fixed P 0 ¼ 0:25.
dinal to vertical direction), whereas the ratio of the coordinates in Figure 3 is approximately 5.
The non-dimensional maximum heights of the cross section of the jet depend on the non-dimensional rheological coe‰cient Àa 2 and are shown in Figure 4 in the regime of b b b c . Relationship a 2 ¼ 0 means that only the thermocapillary e¤ect is considered. In this case, the threshold of the angle of expansion is b c ¼ 0:4 and h max ¼ 8%, and is represented by the lowest real curve in Figure 4 . In our calculations, a stable solution will be reached when the angle of expansion is equal to or larger than the threshold one. One possible explanation for this result is that liquid jetting from a nozzle is in a state of constant expansion.
It should be noted that the critical curve is in direct relation to di¤erent pressures P 0 that exist for di¤erent rheological coe‰cients a 2 . Variations in maximum heights with relation to di¤erent angles of expansion, which are in turn related to the rheological coe‰cient a 2 for a fixed pressure P o ¼ 0:25, are shown as the dashed lines in Figure 4 . However, it should be noted that even in the cases of Newtonian fluids ða 2 ¼ 0Þ, where the cross-section expansion is caused by the thermocapillary e¤ect only, the maximum heights of the cross section may be increased 3 times if the expanding angle b is rather large. Moreover, the rheological e¤ect does exist in the cases of a 2 < 0.
Thus it can be concluded that both thermocapillary and rheological e¤ects contribute to the cross-section expansion of a jet. Additionally, the cross section can be enlarged significantly when the angle of expansion exceeds its threshold and there are strong rheological e¤ects. In general, smaller values of a 2 will result in a stronger rheological e¤ect and a larger size for the cross section.
Discussion
The present paper deals with the simulation of a liquid jet film of nonNewtonian fluid. The simulation shows that the thermocapillary e¤ect enlarges the cross section of the fluid jet, as a result of a heat transfer that occurs from the high temperature of a liquid jet through the free surface to the low temperature of a surrounding gas. The stress distributions depend mainly on the rheological property of the non-Newtonian fluid, which also acts to enlarge the cross section of the fluid jet. Therefore, this cross-section expansion results from the coupled action of both thermocapillary and rheological e¤ects; however, the latter (the rheological e¤ect) is generally more important than the former in cases where there is a threshold for an expanding angle, as discussed in [12] . The results of the present paper show that, for a fixed P 0 , the threshold for an expanding angle is related to various rheological e¤ects of the fluid involved. However, the level of pressure, P 0 , is sensitive to the expanding angle, and thereby related to the maximum height of the cross section, as shown in Figure 4 . Similar to cases involving Newtonian fluids, the heat transfer may induce thermocapillary flows and increase the cross section of the fluid jet. Additionally, the cross section will be further enlarged if the e¤ect of nonNewtonian fluids is involved.
The e¤ects of viscosity variations related to temperature are considered in the comparative calculations. The results show that for a given a 2 and P 0 , since the viscosity decreases as the temperature increases, the expanding angle will be smaller than in the case where there is a constant viscosity. However, in these instances the patterns of the flow field and temperature distribution remain qualitatively unchanged. In one example, it is assumed that the viscosity decreases linearly with increasing temperature so that the viscosity reaches 30% m 0 when T ¼ 100 C (m 0 is the viscosity at T ¼ 25 C). The complete results of this example are shown in Figure 5 .
The present paper adopts a second-order fluid model for non-Newtonian fluids, and thus has obvious limitations in terms of application. However, it involves a variety of polymers, and even the Newtonian fluid can describe some kinds of polymers. The conclusions of the present paper could be reasonably applied to situations involving these varieties of polymers, which can be approximately described by the second-order fluid model. For example, the Barus e¤ect may result in a large variation in the size of a jet's cross section, and the results of the present paper may be taken as a reasonable explanation. 
